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Abstract
The holographic complexity of a ‘black’ non-susy D3-brane is computed. The differ-
ence in the holographic complexity between this geometry in the Fefferman-Graham
coordinates and that of the AdS5 geometry is obtained for a strip type subsystem.
This is then related to the changes in the energy and the entanglement entropy of
the system. We next take the high temperature limit of the change in complex-
ity and observe that it scales with the temperature in the same way as the holo-
graphic entanglement entropy. The crossover of the holographic complexity to its
corresponding thermal counterpart is similar to the corresponding crossover of the
holographic entanglement entropy in the high temperature limit. We further repeat
the analysis for N = 4 super Yang-Mills theory and observe a similar behaviour.
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1 Introduction
The computation of entanglement entropy (EE) in conformal field theories [1]-[7] from a
bulk gravity theory (which is asymptotically AdS) using the AdS/CFT duality [8, 9] has
been an area of active research in recent times. The computation of EE holographically is
carried out using a formula given in [10, 11]. The formula enunciates that the holographic
EE (HEE) of a subsystem A in the gravity dual reads
SE =
Area(γminA )
4G(N)
(1)
where γminA is the d-dimensional minimal area surface in AdSd+2 spacetime, the boundary
of which matches with the boundary of the subsystem A andG(N) is the (d+2)-dimensional
Newton’s constant.
Interestingly it has been shown that the HEE for a very small subsystem satisfies a
relation which looks similar to the first law of thermodynamics when the system is excited
[12, 13]. A similar result have also been obtained in [14] where a (2 + 1)-dimensional
quantum many body system (exhibiting a Lifshitz symmetry [15] near their quantum
critical point) is described by a (3 + 1)-dimensional dual gravity theory with a negative
cosmological constant together with a massive vector field. It was shown that there exists
an additional term in the relation analogous to the first law of thermodynamics which
owed its origin to the presence of the massive gauge field.
Quantum complexity is yet another important quantity in the field of quantum in-
formation which has provided deep insights in the understanding of the properties of
horizons of black holes. It has been realised that there may be a possible relation between
complexity and fidelity susceptibility between two states appearing in the literature of
quantum information [16, 17]. Based on the prescription provided to compute the EE
holographically, one may define holographic complexity (HC) following the proposal in
[18, 19]
CV =
V (γ)
8πRG(N)
(2)
where R is the radius of curvature of the spacetime and V (γ) is the volume of the part in
the bulk geometry enclosed by the minimal hyper surface involved in the calculation of
the HEE. The above proposal for evaluating the HC by computing the volume enclosed
by the minimal hypersurface gives the HC of a subregion and is known as holographic
subregion complexity. It should be noted however, that the change in HC
∆CV = C(γE)− C(γP ) (3)
where γP is the minimal hypersurface for the pure AdS5 geometry and γE is the minimal
hypersurface for the excited spacetime geometry, is physically important because it is a
finite quantity although both C(γE) and C(γP ) are divergent quantities.
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We would like to point out that an alternative way of computing the HC of a system
is from the bulk action evaluated on the Wheeler-DeWitt patch [20], [21]
CW =
A(W )
π~
(4)
where A(W ) is the action evaluated on the Wheeler-DeWitt patch W with a suitable
boundary time. There are alternative recent proposals as well which relate bulk volumes
to Fisher information [22] and fidelity susceptibility [23]-[25]. In a very recent paper
[26], a slightly different quantity has been proposed. The subregion complexity has been
defined to be the integral of the scalar curvature over the region containing the regularized
volume.
Computation of holographic subregion complexity have also been made recently in [27]
in the case of a (3 + 1)-dimensional Lifshitz spacetime and the change in complexity has
been related to the change in energy, change in EE and change in entanglement chemical
potential of the system.
In [28]-[30], a ‘black’ non-susy D3-brane has been considered. This solution is known
to have a decoupling limit [31] which in turn leads to a gravity dual picture. The gravity
dual description is exploited to calculate the EE of the quantum field theory associated
with it. The asymptotically AdS5 geometry of the ‘black’ non-susy D3-brane in the
decoupling limit allows one to write the HEE as a sum of two parts, namely, the HEE
associated with the pure AdS5 piece plus an additional piece which can be interpreted
as the HEE of an excited state. The boundary stress tensor was next identified [32, 33]
using which it was shown that the HEE of the excited state satisfied the relation similar
in form to the first law of thermodynamics. It was further demonstrated that at high
temperature, the HEE makes a transition to the thermal entropy of the usual ‘black’
D3-brane.
Recently, there has been a study investigating the relation between the HC, HEE and
fidelity susceptibility for a spherical shell of D3-branes [34]. This provides a motivation
to carry out the same investigation for the ‘black’ non-susy D3-brane. In this paper,
we obtain the change in subregion holographic complexity between the ‘black’ non-susy
D3-brane in the Fefferman-Graham coordinates and that of the AdS5 geometry for a
strip type subsystem. We then relate it to the change in HEE and the entanglement
temperature. The high temperature limit of this is taken and is found to scale with the
temperature in the same way as the HEE does thereby indicating a similar crossover of
HC to its corresponding thermal counterpart. The analysis is repeated for N = 4 super
Yang-Mills theory [35, 36] and a similar behaviour is obtained.
The paper is organised as follows. In section 2, we discuss the holographic complexity
for ‘black’ non-susy D3-brane in the Fefferman-Graham coordinates. In section 3, we
discuss the high temperature limit of the complexity of the ‘black’ non-susy D3-brane
and N = 4 super Yang-Mills theory. We conclude in section 4.
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2 Holographic complexity for ‘black’ non-susy D3-
brane
In this section, we shall first fix our notations by reviewing the computation of HC for a
strip in AdS5 space. The AdS5 metric can be written in Poincare´ coordinates as follows
ds2 =
r21
z2
(
−dt2 +
3∑
i=1
(dxi)2 + dz2
)
(5)
where r1 is the radius of curvature of the AdS space. We shall now compute the HC by
calculating the volume enclosed by the minimal Ryu-Takayanagi (RT) surface [10, 11].
We consider the entangling region in the boundary to be a straight belt with width ℓ such
that − ℓ
2
≤ x1 ≤ ℓ
2
and 0 ≤ x2, x3 ≤ L, where L is the extent of the subsystem in the
other spatial direction. We parametrize the extremal surface by x1 = x1(z). With this
setup, the volume enclosed by the RT minimal surface reads [18, 19]
V (0) = 2r41L
2
∫ z(0)t
ǫ
dz
1
z4
x1(z) (6)
where z
(0)
t is the turning point at which dz/dx
1 vanishes and ǫ is the cut-off introduced
to prevent the integral from diverging at z = 0. The profile of the minimal surface x1(z)
by minimizing the RT area functional considering z = z(x1). The RT area functional for
the metric (5) is given by
A(0) =
∫ L
0
dx2
∫ L
0
dx3
∫ ℓ
2
−
ℓ
2
dx1
r31
z3
√
1 + z′(x1)2
= 2L2
∫ ℓ
2
0
dx1
r31
z3
√
1 + z′(x1)2 (7)
where ′ denotes the derivative with respect to x1. By minimizing this area functional we
obtain dz
dx1
=
√(
z
(0)
t
z
)6
− 1, which in turn gives the minimal surface profile and the width
of the strip as follows
x1(z) =
∫ z(0)t
z
dz
1√(
z
(0)
t
z
)6
− 1
,
ℓ
2
=
√
πΓ
(
2
3
)
Γ
(
1
6
) z(0)t . (8)
Using the above expression for x1(z) in eq.(6), we obtain
V (0) = 2L2r41
∫ z(0)t
ǫ
dz
1
z4
∫ z(0)t
z
dy
1√(
z
(0)
t
y
)6
− 1
=
L2r41ℓ
3ǫ3
− 4π
3
2Γ
(
2
3
)
9Γ
(
1
6
) L2r41
ℓ2
. (9)
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Therefore, the HC for the AdS5 geometry reads [37, 38]
C(0)V =
V (0)
8πr1G(5)
=
L2r31ℓ
24πG(5)ǫ3
−
√
πΓ
(
2
3
)
L2r31
18G(5)Γ
(
1
6
)
ℓ2
. (10)
With this result in hand, we now look at the ‘black’ non-susy D3-brane solution of type
IIB string theory in the Einstein frame. The metric of this takes the form [28]-[31]
ds2 = F1(r)
−
1
2G(r)−
δ2
8
[
−G(r) δ22 dt2 +
3∑
i=1
(dxi)2
]
+ F1(r)
1
2G(r)
1
4
[
dr2
G(r)
+ r2dΩ25
]
e2φ = G(r)−
3δ2
2
+
7δ1
4 , F[5] =
1√
2
(1 + ∗)QVol(Ω5) (11)
where the functions G(r) and F (r) are defined as
G(r) = 1 +
r40
r4
, F1(r) = G(r)
α1
2 cosh2 θ −G(r)−β12 sinh2 θ . (12)
Here δ1, δ2, α1, β1, θ, r0, Q are the parameters characterizing the solution. It is to be
noted that the parameters are not all independent but they satisfy the following relations
α1 − β1 = 0
α1 + β1 =
√
10− 21
2
δ22 −
49
2
δ21 + 21δ2δ1
Q = (α1 + β1)r
4
0 sinh 2θ . (13)
For δ2 = −2 and δ1 = −127 , the solution (11) reduces to black D3-brane solution. From
now on we will put α1+β1 = 2 for simplicity. Therefore, from the first relation in eq.(13),
we have α1 = 1 and β1 = 1. In this case, the parameters δ1 and δ2 will be related (see the
second equation in eq.(13)) by
42δ22 + 49δ
2
1 − 84δ1δ2 = 24 . (14)
The function F1(r) given in eq.(12) then reduces to
F1(r) = G(r)
−
1
2H(r) (15)
where
H(r) = 1 +
r40 cosh
2 θ
r4
≡ 1 + r
4
1
r4
. (16)
Using this form of F1(r) in eq.(11) leads to the metric in the Einstein frame to be
ds2 = H(r)−
1
2G(r)
1
4
−
δ2
8
[
−G(r) δ22 dt2 +
3∑
i=1
(dxi)2
]
+H(r)
1
2
[
dr2
G(r)
+ r2dΩ25
]
(17)
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where H(r) is given in (16). It can be shown that the above reduces to [31]
ds2 =
r2
r21
G(r)
1
4
−
δ2
8
[
−G(r) δ22 dt2 +
3∑
i=1
(dxi)2
]
+
r21
r2
dr2
G(r)
+ r21dΩ
2
5 (18)
where r1 = r0 cosh
1
2 θ is the radius of the transverse 5-sphere which decouples from the
five dimensional asymptotically AdS5 geometry. This is possible if one looks into the
region
r ∼ r0 ≪ r0 cosh 12 θ (19)
where θ →∞ and the function H(r) ≈ r41/r4. In Fefferman-Graham coordinates [39], the
asymptotic limit of this metric takes the form [28]
ds2 =
r21
z2
[
−
(
1 +
3δ2
8
z4
z40
)
dt2 +
(
1− δ2
8
z4
z40
) 3∑
i=1
(dxi)2 + dz2
]
(20)
where z40 = r
8
1/r
4
0. It is to be noted that the above geometry is valid near the boundary
since weakly excited states have been considered in obtaining the above form of the metric.
Furthermore, for δ2 = −2, the above metric reduces to
ds2 =
r21
z2
[
−
(
1− 3
4
z4
z40
)
dt2 +
(
1 +
1
4
z4
z40
) 3∑
i=1
(dxi)2 + dz2
]
. (21)
It is evident that the above metric does not match with the AdS5 black hole metric [16]
ds2 =
r21
z2
[
−h(z)dt2 + 1
h(z)
dz2 +
3∑
i=1
(dxi)2
]
; h(z) = 1−mz4 , m = 1
z40
(22)
with m being a constant. Near the boundary this takes the form
ds2 =
r21
z2
[
−(1−mz4)dt2 + (1 +mz4)dz2 +
3∑
i=1
(dxi)2
]
. (23)
It should be noted that there are differences between the forms of the metrics (21) and
(23) in terms of the numerical factors of the metric coefficients in eq.(s)(21) and (23).
Indeed, the factor in eq.(21) is in front of (dxi)2 whereas in eq.(23) is in front of dz2. We
shall refer to these results in the subsequent discussion.
With this set up in place, we are now ready to calculate the HC for ‘black’ non-susy
D3-brane. It should be remembered that we are interested in the change in complexity
due to small perturbation in the background metric. To see the change in complexity due
to change in metric perturbation, we keep the length ℓ fixed. Under this condition the
expression for volume enclosed by the RT minimal surface for the above metric (18) for
the same entangling region reads
V = 2L2r41
∫ z(0)t
ǫ
dz
1
z4
(
1− δ2
8
z4
z40
)3/2 ∫ z(0)t
z
dy
1√(
z
(0)
t
y
)6
− 1
. (24)
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Now as we are interested in the region near the boundary, we keep only the first order
terms in the perturbation to write eq.(24) as
V = 2L2r41
∫ z(0)t
ǫ
dz
1
z4
(
1− 3δ2
16
z4
z40
)∫ z(0)t
z
dy
1√(
z
(0)
t
y
)6
− 1
= V (0) − 3δ2
8
L2r41
∫ z(0)t
ǫ
dz
1
z40
∫ z(0)t
z
dy
1√(
z
(0)
t
y
)6
− 1
(25)
where V(0) is the volume of the AdS5 background. Hence the change in the HC due to
a small perturbation in the background metric (18) in terms of change in volume ∆V is
given by [18, 19]
∆C = ∆V
8πr1G(5)
= − 3δ2
512π
3
2G(5)
Γ
(
1
6
)2
Γ
(
5
6
)
L2r31ℓ
2
Γ
(
2
3
)2
Γ
(
1
3
)
z40
. (26)
For δ2 = −2, the above result simplifies to
∆C = 3
256π
3
2G(5)
Γ
(
1
6
)2
Γ
(
5
6
)
L2r31ℓ
2
Γ
(
2
3
)2
Γ
(
1
3
)
z40
. (27)
This agrees in form with the change in complexity for the AdS5 black hole metric near
the boundary (23). The change in complexity in this case reads
∆C = 4m
256π
3
2G(5)
Γ
(
1
6
)2
Γ
(
5
6
)
L2r31ℓ
2
Γ
(
2
3
)2
Γ
(
1
3
) , m = 1
z40
. (28)
We make an important observation now. We find that the change in subregion holographic
complexity (26) for the ‘black’ non-susy D3-brane in the Fefferman-Graham coordinates
(20) does not reduce to the change in subregion holographic complexity for the AdS5
black hole (28) in the δ2 = −2 limit as can be easily seen from eq.(27). It is reassuring
to note that this observation has been confirmed in a recent paper for both strip and
spherical subsystems [40]1. It is easy to see that there is an error of 25% in the result
(27) from the actual result (28) for the AdS5 black hole. The reason for this slight
mismatch is evident. The asymptotic form of the ‘black’ non-susy D3-brane metric in
the Fefferman-Graham coordinates (20) given in [28] does not reduce to the AdS5 black
hole metric in the δ2 = −2 limit. In this context we would like to mention that in [40],
it has been stated that although the change in holographic complexity for the ‘black’
1This paper appeared in the arXiv 3 months after our paper.
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non-susy D3-brane computed in the Fefferman-Graham coordinates does not match with
the change in holographic complexity of the AdS5 black hole metric in the δ2 = −2 limit,
the change in holographic entanglement entropy matches. We would like to point out
that this agreement should not be taken seriously as the asymptotic form of the ‘black’
non-susy D3-brane metric in the Fefferman-Graham coordinates (20) does not reduce to
the AdS5 black hole metric (22) in the δ2 = −2 limit and an agreement of the holographic
entanglement entropy is merely a coincidence. The reason for this is clear as the recasting
of the ‘black’ non-susy D3-brane metric in the Fefferman-Graham coordinates has been
carried out after making certain approximations and then taking the asymptotic limit of
the metric (18).
We now proceed to study the relation between the change in complexity with the stress
energy tensor. The stress energy tensor for an asymptotically local AdS metric [39]
ds2d+1 =
r21
z2
(
dz2 + gµνdx
µdxν
)
, (29)
where gµν = ηµν + hµν(x, z) with
hµν(x, z) = h
(0)
µν (x) + h
(2)
µν (x)z
2 + · · ·+ zd
(
h(d)µν (x) + hˆ
(d)
µν (x) log z
)
+ · · · (30)
reads
〈Tµν〉 = d r
d−1
1
16πG(N)
h(d)µν . (31)
One can easily see that for the metric (20) the expectation values of the stress energy
tensor reads [32]
〈Ttt〉 = −3r
3
1δ2
32πG(5)z
4
0
(32)
〈Txixj〉 =
−ρ31δ2
32πG(5)z
4
0
δij (33)
where i, j = 1, 2, 3. Now using the fact that the total energy can be recast as
∆E =
∫ L
0
dx2
∫ L
0
dx3
∫ ℓ
2
−
ℓ
2
〈Ttt〉 = L2ℓ〈Ttt〉 (34)
the expression for change in complexity (26) can be restated as follows
∆C = 3Γ
(
5
6
)2
2πΓ
(
1
3
)2 ∆ETent (35)
where Tent is the entanglement temperature [13, 28]
TE =
24Γ
(
5
6
)
Γ2
(
2
3
)
√
πΓ
(
1
3
)
Γ2
(
1
6
) 1
ℓ
. (36)
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Again we know that the decoupled theory of ‘black’ non-susy D3-brane satisfies the first
law of entanglement thermodynamics [28]
∆E = TE∆SE +
3
5
∆Px1x1V3 (37)
where V3 = L
2ℓ is the volume of the subspace and ∆Px1x1 = 〈Tx1x1〉 is the entanglement
pressure. We can use this first law to recast eq.(35) as
∆C = k1∆SE + k2∆Px1x1V3
Tent
(38)
where the constants k1 and k2 are given by
k1 =
3
2π
Γ2(5/6)
Γ2(1/3)
(39)
k2 =
3
5
k1 . (40)
Eq.(38) relates the change in HC with the change in HEE and the entanglement pressure.
The relation can be considered to be an analogous expression corresponding to the rela-
tion for the change in HEE regarded as the first law of entanglement thermodynamics.
Furthermore, the relation also leads to upper or lower bounds for the HC depending on
the sign of the entanglement pressure.
3 High temperature limit
In this section, we look at the high temperature limit of the finite part of complexity for
‘black’ non-susy D3-brane. Setting z/zt = y, the entangling region ℓ can be written as
ℓ
2
= zt
∫ 1
0
dy
y3
(
1− 3δ2
16
z4t
z40
)
√(
1− δ2
8
z4t
z40
y4
) [
1− y6 − 3δ2
8
z4t
z40
y4 (1− y2)
]
≡ ztI
(
zt
z0
)
. (41)
The total volume is given by
V = 2L2
∫ zt
ǫ
dz
r41
z4
(
1− δ2z
4
8z40
)3/2 ∫ zt
z
dz1
√
1− 3δ2z4t
8z40√(
1− δ2z4
8z40
) [
z6t
z61
− 1− 3δ2z4t
8z40
(
z2t
z21
− 1
)] .
(42)
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This expression for volume is divergent and we are interested only in the behaviour of the
finite part of the volume. The finite part of the volume in this case is given by
Vfinite =
2L2r41
3z2t
∫ 1
0
dy
2F1(−0.75,−1.5, 0.25,− δ2z
4
t y
4
8z40
)
√
1− 3δ2z4t
8z40
y3
√(
1− 3δ2z4t y4
8z40
) [
1− y6 − 3δ2z4t
8z40
x4(1− x2)
] (43)
where 2F1 is the hypergeometric function. Now in the high temperature limit zt → z0,
using eq.(41) one can recast Cfinite as
Cfinite = Vfinite
8πr1G(5)
∼ 2F1(−0.75,−1.5, 0.25,−
δ2
8
)L2lr31
G(5)z3t
. (44)
Now using the five dimensional Newton’s constant G(5) = (πr
3
1)/(2N
2), where N is the
number of branes and 1/(πz0) = T , where T is the temperature of the standard black
D3-brane, we get from (44)
Cfinite
V3
= 2F1(−0.75,−1.5, 0.25,−δ2
8
)
π
12
N2T 3 . (45)
To conclude this section, we look at the high temperature behaviour of the AdS black
hole geometry in this case dual to the familiar N = 4 super Yang-Mills theory. The AdS
black hole geometry is given by [35, 36]
ds2 = r21
[
du2
hu2
+ u2(−hdt2 + dx21 + dx22 + dx23 + dΩ25)
]
(46)
with h = 1 − u40
u4
and u0 = πT , where T is the temperature of the black hole. We now
compute the complexity for a straight belt with width ℓ( − ℓ
2
≤ x1 ≤ ℓ2 ; 0 ≤ x2, x3 ≤ L).
The length of the strip in this case is
ℓ
2
=
1
ut
∫
∞
1
dy
1√(
y4 − u40
u4t
)
(y6 − 1)
. (47)
The total volume enclosed by the Ryu-Takayanagi surface is
V = 2L2r41
∫
∞
ut
du
u4√
u4 − u40
∫ u
ut
du1
1√
(u41 − u40)
(
u61
u6t
− 1
) . (48)
The finite part of this volume is given by
Vfinite =
2
3
L2r41u
2
0
∫
∞
1
dy
2F1(−0.75, 0.5, 0.25, u
4
0
y4u4t
)y3√(
y4 − u40
u4t
)
(y6 − 1)
. (49)
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Now in the high temperature limit ut → u0, using eq.(47) we can compute the volume to
be
Vfinite =
1
3
2F1(−0.75, 0.5, 0.25, 1)L2ℓr41u30 . (50)
Therefore, the finite part of the complexity for this case is given by
Cfinite
V3
= 2F1(−0.75, 0.5, 0.25, 1) π
12
N2T 3 . (51)
It is interesting to note that the high temperature limit of the complexity in both cases
scales as T 3 which is the same scaling behaviour which the HEE exhibits in 5 -dimensional
bulk theory [41].
4 Conclusions
In this paper, we compute the holographic complexity of a ‘black’ non-susy D3-brane.
From this we obtain the difference in holographic complexity between this geometry in
the Fefferman-Graham coordinates and the AdS5 spacetime for a strip type subsystem.
The difference is found to be a finite quantity. The finiteness of this expression is important
in order to propose the holographic dual to Fisher information. Interestingly, we observe
that this change in subregion holographic complexity does not reduce to the change in
subregion holographic complexity for the AdS5 black hole in the δ2 = −2 limit and that
there is an error of 25% from the actual result. This observation has been confirmed in a
recent paper [40] (for both strip and spherical subsystems) which appeared in the arXiv 3
months after our paper. The reason for this disagreement owes its origin to the fact that
the asymptotic form of the ‘black’ non-susy D3-brane metric in the Fefferman-Graham
coordinates does not reduce to the AdS5 black hole metric in the δ2 = −2 limit. We
then expressed the change in the holographic complexity in terms of the changes in the
energy and the entanglement entropy of the system. The motivation for carrying this
out is to obtain an analogous expression corresponding to the first law of entanglement
thermodynamics. The high temperature limit of this is computed next. It is observed
that it scales with the temperature in the same way as the holographic entanglement
entropy does [28] which in turn displays a similar crossover of holographic complexity
to its corresponding thermal counterpart. The analysis is then carried out for N = 4
super Yang-Mills theory and a similar behaviour is obtained once again. Further in depth
analysis may be required to ascertain if this behaviour of similar crossover for holographic
complexity and holographic entanglement entropy is a universal feature in 5-dimensional
spacetime geometries. As a final remark, we would like to point out that the calculations
carried out in this paper is for strip like subregions. Extending this work for spherical
disk like subregion would be interesting and can be taken up as a future work.
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